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a b s t r a c t
This paper provides solutions for De Saint-Venant torsion problem on a beam with arbitrary and
uniform cross-section. In particular three methods framed into complex analysis have been considered:
Complex Polynomial Method (CPM), Complex Variable Boundary Element Method (CVBEM) and Line
Element-less Method (LEM), recently proposed. CPM involves the expansion of a complex potential in
Taylor series, computing the unknown coefﬁcients by means of collocation points on the boundary.
CVBEM takes advantage of Cauchy’s integral formula that returns the solution of Laplace equation when
mixed boundary conditions on both real and imaginary parts of the complex potential are known. LEM
introduces the expansion in the double-ended Laurent series involving harmonic polynomials,
proposing an element-free weak form procedure, by imposing that the square of the net ﬂux of the
shear stress across the border is minimized with respect to the series coefﬁcients. These methods have
been compared with respect to numerical efﬁciency and accuracy. Numerical results have been
correlated with analytical and approximate solutions that can be already found in literature.
& 2011 Elsevier Ltd. All rights reserved.
1. Introduction
Laplace equation is one of the most important partial differ-
ential equation governing many problems in mathematical phy-
sics such as heat ﬂow, electrostatics, ﬂuid ﬂow, gravitational ﬁeld,
magnetism, diffusion, elasticity and current ﬂow. Problems gov-
erned by Laplace equation are studied by means of the so-called
potential theory and its solutions, whose second partial deriva-
tives are continuous, are called harmonic functions.
Use of complex analysis for developing approximations for
two-dimensional potential problems is an efﬁcient tool for
numerical analysis of problems related to systems governed by
the Laplace equation.
Two main advantages are reached by use of complex analysis:
a technical one and a physical one. Technically, it is possible to
characterize the solution for two conjugate functions at once;
physically, the real and the imaginary part are orthogonal func-
tions and have a general meaning of potential and stream
functions. For canonical domains (circle, rectangle) or for parti-
cular domains the Laplace equation can be solved using analytical
methods and conformal mapping [1]. When dealing with domains
of a complex shape, numerical methods such as Boundary
Difference Method [2] and Finite Element Method [3–5] are
widely used. However, both methods need a discretization of
the whole domain that is time consuming. In this context
Complex Polynomial Method (CPM) [6–7], Complex Variable
Boundary Element Method (CVBEM) [8–10] and Line Element-
less Method (LEM) [11] can be considered as efﬁcient tools for the
numerical analysis of the Laplace equation solution improving
computational facility by use of complex analysis. Moreover, LEM
does not require any discretization, neither of the boundary nor
the domain, as it will be detailed in the next sections.
This paper aims at comparing these three numerical methods
for the solution of torsion problems in De Saint-Venant cylinder
with arbitrary, but uniform, cross-section, considering both
smooth and sharp corners proﬁles. At ﬁrst shape sections whose
exact solution is known (circle, ellipse, equilateral triangle) will
be considered, so that the advantages of the methods may be
immediately captured. Then more generic sections will be
analyzed.
2. Complex analysis to potential theory
As already stressed in the Introduction, many physical pro-
blems of interest are mathematically described by the two-
dimensional Laplace equation [1,12–13] as follows:
r2Uðz^Þ ¼ @
2Uðz^Þ
@x2
þ @
2Uðz^Þ
@y2
¼ 0 in A ð1Þ
being
Uðz^Þ ¼oðx,yÞþ ijðx,yÞ ð2Þ
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a complex function of the complex variable z^¼ ðxþ iyÞ (with i the
imaginary unit) analytic in the domain A. Hence, both real and
imaginary parts of Uðz^Þ satisfy the Laplace equation in A:
r2o¼ @
2o
@x2
þ @
2o
@y2
¼ 0
r2j¼ @
2j
@x2
þ @
2j
@y2
¼ 0 ð3Þ
o(x,y) and j(x,y) are orthogonal functions and they may be
conveniently chosen depending on the analyzed physical pro-
blem. Moreover, j(x,y) is the harmonic conjugate of the function
o(x,y) and then it is related to the latter by Cauchy–Riemann
conditions:
@o
@x
¼ @j
@y
;
@o
@y
¼ @j
@x
ð4Þ
The problem is to determine a function Uðz^Þ, which satisﬁes
the speciﬁed boundary values on C; o(x,y)and j(x,y) are the
boundary value problem solution’s potential and stream func-
tions, respectively. In the next sections CPM, CVBEM and LEM will
be introduced to solve problems governed by Eq. (1).
3. Complex Polynomial Method (CPM)
Complex Polynomial Method has been proposed by Hromadka
and Guymon [6] for the evaluation, in a simple connected domain
A, of a complex analytic potential function, with known values on
the boundary C.
In particular, let us suppose that the complex potential func-
tion Uðz^Þ (see Eq. (2)) can be approximated as Uðz^Þ with order r
polynomial form:
Uðz^Þ ¼
Xr
k ¼ 0
akz^
k
, akAC ð5Þ
where ak ¼ akþ ibk ðak,bkARÞ are complex unknown coefﬁcients.
In order to evaluate the 2(r+1) values of the coefﬁcients ak and bk,
let us select 2(r+1) points z^k where values of o(x,y) or j(x,y) are
known, or analogously (r+1) points where both o(x,y) and j(x,y)
values are known. The series coefﬁcients are uniquely determined
by solving the set of 2(r+1) equations in 2(r+1) variables obtained
by imposing the known boundary values in the points z^k. In this
way, an approximation of the solution of the Laplace equation,
according to its values on the boundary, is determined. To
evaluate the analytic function Uðz^Þ in any interior point of the
domain A, Cauchy’s integral formula leads to:
Uðz^0Þ ¼
1
2pi
Z
C
UðzÞ
zz^0
dz, z^0AA ð6Þ
The great advantage of using the CPM is that by introducing
(5) into (6) we simply get [6]:
Uðz^0Þ ¼
Xr
k ¼ 0
akz^0
k ð7Þ
Thus, for an approximate calculation of the function Uðz^0Þ
value in any point z^0AA [ C it sufﬁces to calculate the value of the
polynomial (7) at this point. Due to the polynomial form of the
approximated function Uðz^Þ, the CPM is actually limited to simply
connected domains where the effects due to singularities are
negligible.
4. Complex Variable Boundary Element Method (CVBEM)
CVBEM has been developed by Hromadka [8] and Hromadka
and Whitley [9] for the solution of general problems involving
Laplace or Poisson equations, using the deﬁnition of a complex
analytic function Uðz^Þ as shown in Section 2. As CPM, this method
is also based on the idea of evaluating an approximate solution of
the problem by means of Cauchy’s integral formula (6). The major
steps of the development of this method will be introduced in the
following.
As previously, let A be a simply connected domain with a
simple closed contour C (Fig.1) and consider the aforementioned
complex function Uðz^Þ. As a ﬁrst step, let us discretize the contour
C selecting n nodal points on the contour itself with coordinates
z^k. Then a polygonal line G results deﬁned as
G¼ [n
k ¼ 1
Gk ð8Þ
where each linear element Gk can be deﬁned as follows:
Gk ¼ z^AG : z^¼ z^kð1tÞþ z^kþ1t, 0rtr1
  ð9Þ
with Gk \ Gkþ1 ¼ z^kþ1 and z^nþ1 ¼ z^1.
A global trial function Gðz^Þ can be deﬁned on the polygonal
contour G as
Gðz^Þ ¼
Xn
k ¼ 1
Nkðz^ÞUk ¼
Xn
k ¼ 1
Nkðz^Þokþ i
Xn
k ¼ 1
Nkðz^Þjk ð10Þ
where Uk¼ok+ ijk are the values of the function Uðz^Þ at the nodal
points z^k and the coefﬁcients Nkðz^Þ are determined according to
the following linear interpolation:
Nkðz^Þ ¼
z^z^k1
z^kz^k1 , z^AGk1
0, z^=2Gk1 [ Gk
z^kþ 1z^
z^kþ 1z^k , z^AGk
8>><
>>:
ð11Þ
By inserting the global trial function Gðz^Þ into Cauchy’s integral
formula, an approximation function U ðz^Þ results are deﬁned as
follows:
Uðz^Þ ¼ 1
2pi
Z
G
GðzÞdz
zz^ , z^AA ð12Þ
It can be demonstrated [8] that the function Uðz^Þ is analytic in
A and that its real part and imaginary part, labelled, respectively,
oðz^Þ and jðz^Þ, represent an approximate solution of the Laplace
equation in the entire domain. By substituting Eq. (10) into (12)
and by considering the sum of the contribution of each contour
Fig. 1. CVBEM boundary discretization.
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element Gk, the function U ðz^Þ may be rewritten as (see Appendix
A for details):
Uðz^Þ ¼ 1
2pi
Xn
k ¼ 1
hk
z^kþ1z^k
Ukþ1ðz^z^kÞUkðz^z^kþ1Þ
   ð13Þ
where
hk ¼ log
z^kþ1z^
z^kz^

þ iWðkþ1,kÞ ð14Þ
and W(k+1,k) is the angle between rays connecting the point z^AA
with the nodes z^k and z^kþ1 (Fig. 2). The function U ðz^Þ can be
evaluated, provided that the values Uk¼ok+ ijk are known.
The numerical modeling strategy is to try to determine a
function U ðz^Þ such that it is close to Uðz^Þ for all the boundary
points z^AG.
However, in common applications only one of the nodal value
pair (ok,jk) is known for each node z^k, and, consequently, part of
the modeling task is to estimate the unknown values, here labeled
as ~o j and ~j j. The latter can be determined by solving the set of n
equations in the n unknown nodal values, obtained by consider-
ing the expressions for oðz^Þ and jðz^Þ for z^ arbitrarily close to each
nodal point (that is for the limit z^-z^k) and by generating implicit
functions of all the unknown variables, as follows [8]. Assuming
that the values jj are known for j¼1,2,y, k with 0okon,
while the values oj are known for j¼(k+1),y, n, then we can
write n implicit expressions:
o1 ¼o z^1 , ~o1,. . ., ~ok,okþ1,. . .,on,j1,. . .,jk, ~jkþ1,. . ., ~jn
 
^
ok ¼o z^k , ~o1,. . ., ~ok,okþ1,. . .,on,j1,. . .,jk, ~jkþ1,. . ., ~jn
 
jkþ1 ¼j z^kþ1, ~o1,. . ., ~ok,okþ1,. . .,on,j1,. . .,jk, ~jkþ1,. . ., ~jn
 
^
jn ¼j z^n , ~o1,. . ., ~ok,okþ1,. . .,on,j1,. . .,jk, ~jkþ1,. . ., ~jn
 
ð15Þ
where z^

j indicates a point in the domain A which is in a
neighborhood of the boundary node z^j.
Once the system (15) has been solved, the function Uðz^Þ can be
obtained by formula (13). It is worth to note that, in order to
apply the method above explained, it is necessary to have known
boundary conditions not only on the real part oðz^Þ, but also at
least one on the imaginary part jðz^Þ and vice versa.
The approximation function aforementioned regards the ﬁrst
version of CVBEM, and it is obtained using linear polynomial trial
functions. Then, the method was extended using the following
approximation function [9]:
Ujðz^Þ ¼
Xn
k ¼ 1
Pjkðz^Þlogðz^z^kÞþRjðz^Þ ð16Þ
where Pjkðz^Þ is an order j complex interpolating polynomial
deﬁned on the boundary element Gk and Rjðz^Þ is an order j
residual complex polynomial. It is worth to note that for j¼1,
U1ðz^Þ coincides with the approximation function Uðz^Þ treated in
the ﬁrst version. This advanced form of CVBEM, that takes
advantage of a series of products of complex polynomial and
logarithmic functions, provides a direct link with the Analytic
Function Method (AFM) [14]. In fact, in [14] it is shown that AFM
is a special case of CVBEM.
Although there are different ways to use CVBEM to solve given
boundary value problem, complex logarithms occur in most of
them and the widely used approximation function is:
Uðz^Þ ¼ aþa0z^þ
Xn
k ¼ 1
akðz^z^kÞlogPz^k ðz^z^kÞ ð17Þ
The latter, essentially is a modiﬁed version of CVBEM and it
was formulated to apply CVBEM itself when boundary conditions
are known only for the real part or only for the imaginary part. It
is worth noting that, to use this series, it is necessary to deﬁne
precisely the logarithms on it as shown in the next section.
4.1. A modiﬁed Complex Variable Boundary Element Method
As previously outlined, Hromadka and Whitley [9] develops a
variant of the CVBEM, which makes it possible to obtain the
approximate solution for the same problem, in simply connected
domains, when only the values for the real part (or the imaginary
part) on the boundary are known. In this section the application
of the method is described in details.
Let A be a simply connected domain with a piecewise con-
tinuously differentiable boundary C, which is a simple closed
curve of ﬁnite length.
Chosen n nodes z^k on the contour C, the approximate potential
function (17) is expressed as
Uðz^Þ ¼ aþa0z^þ
Xn
k ¼ 1
akfz^k ðz^Þ ð18Þ
where ak ¼ akþ ibk ðak,bkARÞ are complex unknown coefﬁcients
and fz^k ðz^Þ ¼ ðz^z^kÞlogPz^k ðz^z^kÞ. Provided that the complex loga-
rithm is deﬁned with respect to an opportune branch cut, as
shown in Appendix B, the function U ðz^Þ is analytical in A and
continuous in A[C.
Let us suppose that only boundary values for the imaginary
part jðz^Þ of the complex potential are known. Then the function
jðz^Þ can be expressed, by (18), as
jðz^Þ ¼ bþa0Im½z^þb0Re½z^þ
Xn
k ¼ 1
akIm fz^k ðz^Þ
	 
þbkRe fz^k ðz^Þ	 
  ð19Þ
The unknown coefﬁcients b, a0, b0, ak and bk may be found as
the best solution, in the sense of least squares, to the over
determined system of linear equations jðz^jÞ ¼jj, with
j¼1,2, ..., 3n+5, where the evaluation points z^j are a new set of
equally spaced points chosen on the contour of the domain [9]. An
analogous procedure can be followed when only values for the
real part oðz^Þ are known.
However, not only it is not possible to know a priori how large
n must be to achieve a target accuracy, but also it is not possible
to prescribe the best choice of the nodes z^1,:::,z^n, that is some set
of chosen nodes lead to much higher accuracy than others.
4.2. CVBEM: the approximate boundary
A relevant feature of CVBEM is to reduce the error and to speed
the convergence of the series by looking at an approximate
boundary, rather than examining the error values on the bound-
ary C. The approximate boundary procedure [15] leads to deter-
mine an approximate C upon which Uðz^Þ satisﬁes the boundary
conditions given for Uðz^Þ on C. Brieﬂy, the approximate boundary
Fig. 2. Representation of the W(k+1,k) angle in CVBEM.
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is the locus of points where the CVBEM approximation meets the
boundary condition values. Obviously, should the CVBEM approx-
imate boundary coincide with the actual boundary problem, then
the exact solution has been achieved. In regions where the
approximate boundary differs strongly from the original one,
nodal points can be added to C to determine a more reﬁned
approximation Uðz^Þ so that C is geometrically closer to C in
regions of high discrepancy. This procedure may speed up the
convergence of the method.
5. Line Element-less Method (LEM)
Recently Di Paola et al. [11] introduced Line Element-less
Method (LEM), where the potential function deﬁned in (2), being
analytic in all the domain A, may be expanded in the double-
ended Laurent series as
Uðz^Þ ¼
Xþ1
k ¼ 1
akðz^z^0Þk; ak,z^0AC ð20Þ
where ðz^z^0Þk is analytic in the whole domain when k40, while
for negative values of k it is analytic with exception of the point
z^0, that is called a pole of order k. In Eq. (20) the seriesPþ1
k ¼ 0 akðz^z^0Þkis called regular part and it is capable to express
any function that is analytic everywhere. While the summationP1
k ¼ 1 akðz^z^0Þk is called principal part and it accounts for
singularities in z^0. It follows that if the function Uðz^Þ is analytic
everywhere (including the boundary and z^0) then only the regular
part is required. Generally powers ðz^Þk are denoted as Pk+ iQk
where Pk and Qk are the so-called harmonic polynomials
ðr2Pk ¼ 0, r2Qk ¼ 0 8kÞ, deﬁned as follows:
Pkðx,yÞ ¼ Reðxþ iyÞk; Qkðx,yÞ ¼ Imðxþ iyÞk ð21Þ
and they may be evaluated recursively as
Pkðx,yÞ ¼ Pk1xQk1y; Qkðx,yÞ ¼Qk1xþPk1y; k40 ð22Þ
Pkðx,yÞ ¼ Pkðx,yÞP2
k
ðx,yÞþQ2
k
ðx,yÞ
Qkðx,yÞ ¼ Qkðx,yÞP2
k
ðx,yÞþQ2
k
ðx,yÞ
k40 ð23Þ
with P0¼1, Q0¼0, P1¼x, Q1¼y.
Moreover, the derivatives of the harmonic polynomials are
ruled by the following recursive properties:
@Pk
@x
¼ kPk1;
@Pk
@y
¼kQk1;
@Qk
@x
¼ kQk1;
@Qk
@y
¼ kPk1; 8k
ð24Þ
By letting ak ¼ akþ ibk ðak,bkARÞ in Eq. (20) and assuming
z^0 ¼ 0, the complex potential function is now expanded in terms
of harmonic polynomials in the form:
Uðz^Þ ¼oðx,yÞþ ijðx,yÞ ¼
Xþ1
k ¼ 1
ðakPkbkQkÞþ i
Xþ1
k ¼ 1
ðakQkþbkPkÞ
ð25Þ
If the initial point z^0 of the Laurent series is selected as
different from zero, then it sufﬁces to deﬁne Pk and Qk as
Pk ¼ Re½ðxx0Þþ iðyy0Þk and Qk ¼ Im½ðxx0Þþ iðyy0Þk and the
ensuing derivations do not change.
In order to evaluate the unknown series coefﬁcients, the boundary
conditions related to the physical problem must be taken into
account. While CPM and CVBEM impose the boundary conditions
locally on the contour, so that they can be framed among the so-
called collocation methods, LEM takes full advantage of a global weak
boundary condition that leads to the minimization of an opportune
deﬁned objective function related to the examined physical problem.
Moreover, all the integrals involved in the mathematical problem
may be converted into line integrals by means of the divergence
theorem by taking full advantage of relations between harmonic
polynomials and their derivatives.
6. Remarks
Generally numerical approximation errors in solving potential
problems are of two forms: (i) errors due to not satisfying the
governing equation over A; and (ii) errors due to not satisfying the
boundary conditions continuously on C.
For all methods above described and for other boundary
integral methods, the ﬁrst type of approximation error is elimi-
nated due to both o(x,y) and j(x,y) being potential functions.
However, Uðz^Þ does not usually satisfy the boundary conditions
continuously on C; if it does, then it is the exact solution.
Consequently the goal of all these boundary methods is to match
the boundary condition values continuously.
It is worth stressing that CVBEM can develop an exact
representation of the modeling error by the determination of an
‘‘approximate boundary’’ where the approximate solution exactly
satisﬁes the boundary conditions.
The main difference with LEM is that the latter, instead of
using the fundamental solutions as shape functions used in
CVBEM, uses harmonic polynomials satisfying the ﬁeld equations
in all the domain. This important feature leads that only line
integrals on the contour are required that is LEM do not need any
discretization neither the boundary nor the domain. Thus this
method may be esteemed as a truly no-mesh method.
Moreover, LEM is robust in the sense that, for all the cases in
which the analytical solution is already known, it reproduces the
exact solutions, while for the other cases, by using very few terms
of Laurent series, it provides very accurate results.
Furthermore, while CPM is used only for simply-connected
domains, LEM may be used for multi-connected ones as well [11];
this feature is also a feature of CVBEM as shown by Hsieh and
Kassab [16], when boundary values can be assigned both on the
external and internal contours of the domain.
7. CPM, CVBEM and LEM for torsion problem
7.1. Theoretical background
In order to compare the above described methods, their
application to torsion problems will be presented. In the follow-
ing, some well known concepts of the classical theory of torsion
are reported for sake of clarity and for introducing appropriate
symbols as well.
Let us consider the twisting behavior of a homogeneous,
isotropic beam of an arbitrary and uniform cross-section that is
ﬁxed at one end and subjected to a twisting coupleMz at the other
end (Fig. 3).
Fig. 3. De Saint-Venant beam under torsion.
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The beam is referred to a counter-clockwise coordinate system
with x and y axes coincident, as customary, with the principal
axes of inertia of the cross-section. According to De Saint-Venant
torsion theory, the displacement ﬁeld is determined as
ux ¼yzy; uy ¼ yzx; uz ¼ yoðx,yÞ ð26Þ
In (26) y is a constant expressing the twist rotation of the
cross-section per unit length and o(x,y) represents the warping
function, related to the shear stresses as follows:
tzx ¼ Gy
@o
@x
y
 
; tzy ¼ Gy
@o
@y
þx
 
ð27Þ
where G is the shear modulus.
The three-dimensional equilibrium equations of elasticity with
no body forces are given by
@tzx
@z ¼ 0;
@tzy
@z ¼ 0
@tzx
@x þ
@tzy
@y ¼ div s¼ 0
in A ð28Þ
where s is the shear stress vector sT ¼ tzx tzy
 . From Eqs. (28)
we may state that tzx and tzy are independent on z.
In addition the stress components should satisfy the free-
traction boundary conditions on the contour C of the cross-
section, namely:
tzxnxþtzyny ¼ sTn¼ 0 on C ð29Þ
where nT ¼ nx ny
  is the outward normal vector to the contour C.
According to Eqs. (27)–(29) the torsion problem may be
rewritten in the form:
r2oðx,yÞ ¼ 0 in A
@o
@n ¼ ynxxny on C
(
ð30Þ
known as a Neumann problem for the Laplace equation, providing
that the following existence condition:I
C
@o
@n
dC ¼ 0 ð31Þ
holds true.
Alternatively, an equivalent solution for torsion problem is
achieved through the so-called Prandtl stress function c(x,y) such
that:
tzx ¼
@c
@y
; tzy ¼
@c
@x
ð32Þ
By this assumptions, the third equation in (28) is identically
satisﬁed, and taking into account Eqs. (27) the torsion problem
assumes the following form:
r2cðx,yÞ ¼ 2Gy in A
cðx,yÞ ¼ const on C
(
ð33Þ
that represents a Dirichlet boundary value problem.
Moreover the moment resultant on the cross-section is related
to Prandtl function as
Mz ¼ 2
Z
A
cdA¼ GyJt ð34Þ
where Jt is usually referred to as torsional stiffness factor, and its
value is depending on the shape of the cross-section. In terms of
shear stresses, the static equivalence condition assumes the form:
Mz ¼
Z
A
sTgdA ð35Þ
where gT ¼ y x	 
.
Furthermore, the torsion problem may be treated by means of
complex analysis, introducing the following complex analytic
torsion function Uðz^Þ [1]:
Uðz^Þ ¼oðx,yÞþ ijðx,yÞ ð36Þ
where o(x,y) is the previously deﬁned warping function and
f(x,y) its harmonic conjugate, related to the latter by Cauchy–
Riemann conditions:
@o
@x
¼ @j
@y
;
@o
@y
¼ @j
@x
ð37Þ
The torsion function Uðz^Þ contains information on both dis-
placements and stresses: in fact, j(x,y) is related to Prandtl
function by
cðx,yÞ ¼ Gy jðx,yÞ1
2
ðx2þy2Þ
 
ð38Þ
According to the previous relation between j(x,y) and c(x,y),
the Dirichlet problem in Eq. (33) assumes the following form:
r2jðx,yÞ ¼ 0 in A
jðx,yÞ ¼ 12 ðx2þy2Þ on C
(
ð39Þ
For both Neumann and Dirichlet problems exact solutions are
available only for a restricted class of cross-sectional geometries
namely circular, elliptical and equilateral triangular cross-
sections.
7.2. CPM for torsion problem
As seen in the previous sections, the torsion problem for a
simply connected domain can be solved deﬁning the potential
function in Eq. (36) that can be expressed in polynomial form.
Taking into account only its imaginary part and using the polar
coordinates x¼ rcosW and y¼ rsinW, the function j(x,y) can be
written in the following approximated form:
jðr,WÞ ¼ b0þ
Xr
k ¼ 1
akrk sinkWþbkrk coskW ð40Þ
where ak and bk are unknown coefﬁcients.
The associate boundary condition, according to the second
equation in (39), can be rewritten in the form:
jðr,WÞ ¼ 1
2
r2 on C ð41Þ
In order to evaluate the coefﬁcients ak and bk, the following
system of 2r+1 linear equations:
Aw¼ b ð42Þ
may be solved, where the matrix A assumes the form:
A¼
1 r1 sinW1 r1 cosW1 . . . rr1 cosrW1
1 r2 sinW2 r2 cosW2 . . . rr2 cosrW2
^ ^ ^ ^ ^
1 r2rþ1 sinW2rþ1 r2rþ1 cosW2rþ1 . . . rr2rþ1 cosrW2rþ1
2
66664
3
77775
ð43Þ
and the vectorsw and b contain the unknown coefﬁcients and the
boundary conditions in 2r+1 points of the contour, respectively:
w¼
b0
a1
b1
^
ar
br
2
6666666664
3
7777777775
; b¼
1
2r
2
1
1
2r
2
2
^
1
2r
2
2rþ1
2
66664
3
77775 ð44Þ
Once the vector w is known, the function jðx,yÞ can be
determined, and the torsional stiffness factor may be evaluated,
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according to the relations (34) and (38):
Jt ¼ 2
Z
A
jðx,yÞ1
2
ðx2þy2Þ
 
dA ð45Þ
It is worth to note that, although CPM belongs to the category
of the boundary element methods, the complete solution of the
torsion problem can be achieved only by solving a domain
integral.
7.3. The modiﬁed CVBEM for torsion problem
To solve the torsion problem by means of the modiﬁed CVBEM,
the function jðx,yÞ is expressed in the form of Eq. (19). In order to
evaluate the unknown coefﬁcients ak and bk, a set of n nodes z^j is
chosen on the boundary of the domain and for each one an
opportune branch cut is selected, as shown in Appendix B. Hence,
the coefﬁcients are evaluated by solving the over determined
system of 3n+5 equations obtained imposing the known bound-
ary values (see Eq. (39)) on 3n+5 equally spaced points on the
contour.
Analogously to CPM, the torsional stiffness factor may be
evaluated only by means of the domain integral (45).
7.4. LEM for torsion problem
As seen for the other methods, LEM works in terms of complex
potential function Uðz^Þ ¼oðx,yÞþ ijðx,yÞ as deﬁned in Eq. (36).
Starting from Eq. (25) and bearing in mind the relationship
between j(x,y) and c(x,y)as expressed in Eq. (38), Prandtl func-
tion c(x,y) can be rewritten in terms of harmonic polynomials as
cðx,yÞ ¼ Gy
Xþ1
k¼1
ka0
ðakQkþbkPkÞ
1
2
ðx2þy2Þþb0
2
6664
3
7775 ð46Þ
Keeping in mind that Q0¼0 and P0¼1 and the function c(x,y)
is deﬁned unless a constant, it follows that the term k¼0 has to be
neglected in the series expansion.
By inserting Eq. (46) into (32), the shear stresses tzx(x,y) and
tzy(x,y) can be expressed in approximated form in terms of
truncated Laurent series of harmonic polynomials as follows:
tzxðx,yÞ ¼ Gy
Xþ r2
k¼r1
ka0
ðakkPk1bkkQk1Þy
2
6664
3
7775
tzyðx,yÞ ¼Gy
Xþ r2
k¼r1
ka0
ðakkQk1þbkkPk1Þx
2
6664
3
7775 ð47Þ
By letting:
pðx,yÞ ¼
r1Pr11ðx,yÞ
^
P2ðx,yÞ
P0ðx,yÞ
^
r2Pr21ðx,yÞ


; qðx,yÞ ¼
r1Qr11ðx,yÞ
^
Q2ðx,yÞ
Q0ðx,yÞ
^
r2Qr21ðx,yÞ


; a¼
ar1
^
a1
a1
^
ar2


; b¼
br1
^
b1
b1
^
br2


;
ð48Þ
Eqs. (47) can be compacted as
sðx,yÞ ¼ Gy Dðx,yÞþg½  ð49Þ
where
Dðx,yÞ ¼ p
T qT
qT pT

; w¼ ab

; g¼ yx

 ð50Þ
As apparent, Eq. (49) completely fulﬁls equilibrium and com-
patibility equations in the domain but, since the series in Eqs. (47)
are truncated retaining the ﬁrst r1+r2 terms, Eq. (49) may not
fulﬁll in each point of the contour C the free-stress boundary
conditions (29).
In order to satisfy the latter, it has been proposed in [11] that
the unknown coefﬁcients w are evaluated by introducing the
following functional:
Iðw,yÞ ¼
I
C
sTn
 2
dC ¼
I
C
tzxnxþtzyny
 2
dC ð51Þ
(that is the squared value net ﬂux of the shear stress vector s
through the boundary of the domain) and minimizing (51) with
respect to w and y under the static equivalence condition (35):
Iðw,yÞ ¼ HCðsTnÞ2dC ¼minw,y
subjected toR
As
TgdA¼Mz
8>><
>>:
ð52Þ
At this step another novel point has to be emphasized: all
surface integrals, even those in Eq. (52), are converted into line
integrals avoiding any discretization of the inner domain or the
boundary. In fact, taking into account relations (24) between
harmonic polynomials and their derivatives, the static equiva-
lence condition may be rewritten in terms of harmonic poly-
nomials as
Gy
Xþ r2
k¼r1
ka0
ak
Z
A
@Pk
@y
x @Pk
@x
y
 
dAþbk
Z
A
 @Qk
@y
xþ @Qk
@x
y
 
dA
 
þGyIp ¼Mz
ð53Þ
where Ip represents the polar inertia moment. It is straightfor-
ward that Eq. (53) may be written in the form:
Gy
Xþ r2
k¼r1
ka0
ak
Z
A
divuk dAþbk
Z
A
divvk dA
 
þGyIp ¼Mz ð54Þ
where uk and vk are given as
uk ¼
yPkðx,yÞ
xPkðx,yÞ

; vk ¼
yQkðx,yÞ
xQkðx,yÞ

 ð55Þ
Then, according to the divergence theorem, the integrals in
Eq. (54) may be performed as line boundary integrals as follows:
Gy
Xþ r2
k¼r1
ka0
akckþbkdk
	 
þGyIp ¼Mz ð56Þ
where
ck ¼
I
C
uTkndC; dk ¼
I
C
vTkndC ð57Þ
By collecting ck and dk in the following vector h as
hT ¼ cr1 . . . c2 c0 . . . cr2 dr1 . . . d2 d0 . . . dr2
 
ð58Þ
Eq. (56) can be expressed in a compact form as follows:
GyhTwþGyIp ¼Mz ð59Þ
Then the constrained minimum problem described in Eqs. (52)
may be solved by using the Lagrange multiplier method by
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performing the minimization of the free enlarged functional
expressed in the following form:
Iðw,y,lÞ ¼
I
C
ðsTnÞ2dCþlðGyhTwþGyIpMzÞ ¼min
w,y,l
ð60Þ
where l is the Lagrange multiplier.
Solving the system provided by the minimization, the
unknown series coefﬁcients w as well as the twist angle y may
be evaluated, that is a complete torsion problem is determined in
terms of Prandtl function from Eq. (46), shear stress ﬁeld from
Eq. (49), and warping function and its harmonic conjugate as real
and imaginary part of the potential function from Eq. (25). For
simply connected regions the contour C is the external one and
the series starts from k¼1, that is only the regular part of the
Laurent series is accounted for. For multiply-connected regions
the various line integrals are simply performed on the summation
of the external and internal contours; hence, as previously
pointed out, also the principal part of the Laurent series is needed
and the poles z^0 must be opportunely selected.
It is worth to note that in spite of CPM and CVBEM, LEM
returns directly the value of the twist angle y, so that the torsional
stiffness factor, deﬁned in Eq. (34), may be simply evaluated as
Jt ¼
Mz
Gy
ð61Þ
Fig. 4. Cross-sections geometry: (a) circle, (b) ellipse and (c) equilateral triangle.
Table 1
Results by LEM for shear stresses for elliptical and equilateral triangular cross-
sections.
Ellipse Triangle
Series coefﬁcients
a0
a2 ¼ ða2b2Þ=2ða2þb2Þ a3 ¼ 1=6a
Lagrange
multiplier, l
0 0
Unitary twist angle,
y
ða2þb2ÞMz=pGa3b3 5Mz=9
ﬃﬃﬃ
3
p
a4G
Shear stresses,
tzx(x,y)
ð2Mz=pab3Þy ðGy=2aÞðx2y22ayÞ
Shear stresses,
tzy(x,y)
ð2Mz=pa3bÞx ðGy=aÞðayÞx
Prandtl function,
c(x,y)
ððx2b2þy2a2ÞMz=pa3b3Þ ðGy=6aÞð3x2yy33ax23ay2Þ
Warping function,
o(x,y)
ðða2þb2Þ=ða2þb2ÞÞxy ðx33xy2Þ=6a
Torsional stiffness
factor, Jt
pa3b3=a2þb2 ð9
ﬃﬃﬃ
3
p
a4=5Þ
Table 2
Elliptical cross-section (a¼2, b¼1): computed values of torsional stiffness factor Jt
by LEM and for various values of number n of nodes for CPM and CVBEM
compared with exact solution (see Timoshenko and Goodier [18, p. 264]).
n CPM [17] CVBEM [17] CVBEM
(modiﬁed)
16 5.02082 5.26314 5.02907
32 5.02613 5.08788 5.02708
50 5.02651 5.05195 5.02689
75 5.02649 5.03774 5.02667
100 5.02648 5.03282 5.02659
150 5.02649 5.02932 5.02659
200 5.02648 5.02806 5.02641
LEM 5.02655
Timoshenko and Goodier [18] 5.02655
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without performing any integral on the domain as required from
the previous two methods. Moreover, it has to be emphasized
that the torsion problem has been solved without requiring any
discretization of the boundary or the domain, such that LEM can
be really considered a truly no-mesh method.
8. Numerical applications
In this section numerical applications will be reported in order
to compare accuracy and efﬁciency of the three previously
described methods. In this regard Aleynikov and Stromov [17]
Fig. 5. Elliptical cross-section (a¼2, b¼1): (a) Prandtl function, (b) Prandtl contour lines, (c) shear stress vector ﬁeld, and (d) modulus sj j=Gy.
Fig. 6. Equilateral triangular cross-section (a¼1): (a) Prandtl function, (b) Prandtl contour lines, (c) shear stress vector ﬁeld, (d) modulus sj j=Gy, (e) shear stress function
tzx(x,y) and (f) shear stress function tzy(x,y).
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introduced a comparison between CPM and CVBEM, considering
cross-sections of either smooth proﬁle as elliptic and circular or
sharp corners proﬁles as triangular, comparing obtained results
with established solutions [1]. In the following, some cross-
sections have been analyzed and the results by LEM and modiﬁed
CVBEM have been added. Also approximate solutions considering
a rectangular and astroid sections are compared.
With this aim, proper algorithms have been developed using
Fortran and Mathematica 6.0 environments for LEM and modiﬁed
CVBEM.
8.1. Exact solutions
At ﬁrst, let us perform numerical applications for the torsion
problem on those cross-sections whose exact solution is known,
namely circular, elliptic and equilateral triangular domains (Fig.
4a–c) [18].
As proposed in [11], for those cross-sections LEM exactly
returns analytical solutions, no matter the truncation order r: in
Table 1 analytical expressions are reported for elliptical and
triangular cross-sections with generic sizes. These analytical
expressions are easily deduced since only few series coefﬁcients
are different from zero (no matter r); in particular only a2 and a3
are different from zero for ellipse and triangle, respectively. The
values of a2 and a3 are reported in Table 1 with the expressions of
Lagrange multiplier l, unitary twist angle y, shear stresses
distributions tzx(x,y) and tzy(x,y), Prandtl c(x,y) and warping
o(x,y) functions and torsional stiffness factor Jt.
Results for the circular cross-section can be easily derived from
the solutions obtained for the elliptical domain by setting a¼b. It
follows that all the series coefﬁcients, including a2, are equal to
zero, and according to Eq. (47) the exact solution is obtained, that
is, tzx¼Gyy and tzy¼Gyx with y¼Mz=GIp.
Furthermore, to make a consistent comparison among the
three methods, the exact value of torsional stiffness factor Jt
by Timoshenko and Goodier [18] has been compared with the
values obtained by CPM, CVBEM and modiﬁed CVBEM and LEM
here proposed. In Table 2 the torsional stiffness factor value is
reported for an elliptical cross-section with semiaxes a¼2b and b,
with b¼1.
From the results proposed in [17] it can be observed that CPM
returns solution close to the exact one starting from a 50 nodes
boundary discretization, while CVBEM more slowly converges to
the exact solution. It is worth to note that, as shown in Table 2,
the modiﬁed CVBEM, implemented by the authors following the
procedure described in Section 4.1 and solving the integral in
Eq. (45) ensures a faster convergence with respect to classic
CVBEM. Once again it has to be stressed that LEM returns exact
solutions (see Table 1) without requiring any discretization
neither on the domain nor on its boundary.
Fig. 5a and b and 6a and b show Prandtl functions c(x,y) and
their contour lines for the elliptical and triangular cross-sections,
respectively, obtained by LEM, while Fig. 5c and d and 6c and d
show stress vector ﬁelds and contour levels of the tangential
stresses sj j=Gy, in total agreement with results obtained by
CVBEM in [17].
Fig. 7. Prandtl function contour lines (a) elliptical cross-section (a¼2, b¼1) (32 nodes); (b) equilateral triangle (a¼1) (33 nodes) by CVBEM.
Fig. 8. Cross-sections geometry: (a) rectangle and (b) astroid.
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Prandtl functions unless the factor Gy and contour lines
provided by modiﬁed CVBEM, together with the boundary dis-
cretization schemes (32 nodes for the elliptical cross-section and
33 nodes for the triangular one) and chosen branch cuts for each
node (dashed lines) are depicted in Fig. 7a and b for the two
sections under exam.
Furthermore, LEM returns the shear stresses functions tzx and
tzy in all the cross-section domains; results for the equilateral
triangular cross-section are shown in Fig. 6e and f.
8.2. Approximate solutions
Let us consider a rectangular cross-section with length sides 2a
and 2b proposed in [17] (Fig. 8a). According to LEM procedure, all
the ak Laurent series coefﬁcients are identically equal to zero 8k,
while bka0 with k¼2,4,6,y. That is, selecting the order of
truncation r¼8 the only non-zero series coefﬁcients are b2,b4,b6
and b8. Table 3 shows estimated values of Jt calculated for the case
of a¼2b and b¼1/2, comparing CPM and CVBEM results proposed
Table 3
Rectangular cross-section (a¼1, b¼1/2): computed values of torsional stiffness factor Jt for various values of number n of nodes for CPM and CVBEM and closure order r or
series for LEM compared with series solution (see Timoshenko and Goodier [18, p. 278]).
n CPM [17] CVBEM [17] CVBEM modiﬁed r Series
coefﬁcients a0
LEM
8 0.66667 0.72366 0.45633 6 3 0.45641
12 0.46377 0.57489 0.45785 8 4 0.45661
14 0.46301 0.54978 0.45670 10 5 0.45721
32 0.45775 0.47456 0.45738 12 6 0.45722
50 0.45742 0.46419 0.45734 14 7 0.45730
100 0.45737 0.45905 0.45741 16 8 0.45733
200 0.45736 0.45779 0.45742 18 9 0.45734
Timoshenko and Goodier [18] 0.458
Fig. 9. Rectangular cross-section (a¼1, b¼1/2): (a) Prandtl function, (b) Prandtl contour lines, (c) shear stress vector ﬁeld, (d) modulus sj j=Gy, (e) shear stress function
tzx(x,y) and (f) shear stress function tzy(x,y).
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in [17] with the ones obtained by modiﬁed CVBEM and LEM
implemented by the authors. As a benchmark solution results
obtained by the series formula proposed in Timoshenko and Good-
ier [18] are reported. A closer inspection of Table 3 shows that CPM
solution approaches the benchmark one, starting from 32 nodes,
while CVBEM can be compared with CPM only by using 200 nodes
for the boundary discretization. Otherwise, the data presented for
the modiﬁed CVBEM conﬁrm that the latter has a faster convergence
than the previous two methods. Values of Jt evaluated by LEM are in
good agreement with the benchmark solution starting from 5 non-
zero coefﬁcients of the Laurent series (r¼10).
Prandtl function and its contour lines (stress lines) for the
rectangular cross-section are depicted in Fig. 9a and b,
while Fig. 9c and d show stress vector ﬁeld and contour levels
of the tangential stresses sj j=Gy. The functions tzx and tzy
obtained by LEM are reported in Fig. 9e and f.
Let us now consider those cross-sections whose proﬁles belong
to the family of hypocycloids, that is algebraic curves on the plane
whose parametric equations are:
xðtÞ R
m
ðm1Þcostcos ðm1Þtð Þ½ 
yðtÞ ¼ R
m
ðm1Þsintþsin ðm1Þtð Þ½  ð62Þ
For this class of curves, LEM returns an approximate solution
where all the ak series coefﬁcients are identically equal to zero 8k,
while bka0 only with k¼m,2m,3m,y.
Table 4 shows the solution for the cross-section in the form of
an astroid, that is m¼4 in Eq. (62) (see Fig. 8b). LEM results are
compared with those provided by CPM and CVBEM in [17], and by
the modiﬁed CVBEM. The approximate value of the torsional
stiffness factor calculated by LEM with 3 non-zero series coefﬁ-
cients (r¼12) shows irrelevant variations with higher order of
Table 4
Astroid cross-section (a¼1): computed values of torsional stiffness factor Jt for
various values of number n of nodes for CPM and CVBEM and closure order r or
series for LEM.
n CPM
[17]
CVBEM
[17]
CVBEM
modiﬁed
r Series
coefﬁcients
a0
LEM
12 0.19209 0.33728 0.15843 4 1 0.17953
24 0.15965 0.20744 0.15907 8 2 0.16041
50 0.15960 0.17076 0.15948 12 3 0.15963
75 0.15960 0.16454 0.15957 16 4 0.15963
100 0.15960 0.16237 0.15959 20 5 0.15963
150 0.15960 0.16082 0.15955 24 6 0.15962
200 0.15960 0.16029 0.15934 28 7 0.15962
250 0.15960 0.16004 0.15795 32 8 0.15962
300 0.15960 0.15991 0.16319 36 9 0.15962
Fig. 10. Astroid cross-section (R¼1): (a) Prandtl function, (b) Prandtl contour lines, (c) shear stress vector ﬁeld, (d) modulus sj j=Gy, (e) shear stress function tzx(x,y) and
(f) shear stress function tzy(x,y).
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series truncation and it is comparable with values obtained by
CPM starting from 50 nodes. Results provided by CVBEM are a
monotonically decreasing sequence tending towards the same Jt
value, while the modiﬁed CVBEM approaches the approximate
solution with a boundary discretization of 100 nodes, by a
monotonically increasing sequence. For the latter method,
instability in the solution occurs due to numerical errors solving
the over determined system of 3n+5 linear equations and
evaluating the double integral required to determine the value
of Jt. This problem becomes evident when the boundary discre-
tization increases over 100 nodes.
For the section under exam, Fig. 10a and b show Prandtl function
and its contour lines (stress lines) and Fig. 10c and d show stress
vector ﬁeld and contour levels of the tangential stresses sj j=Gy in
order to compare them with results reported in [17]. Fig. 10e and f
show the trend of functions tzx and tzy obtained by LEM for the
astroid domain.
9. Concluding remarks
This paper provides a comparison between three methods
based on the use of complex analysis for the solution of the
Laplace equation, pointing out their differences and advantages.
All three methods are based on the use of an opportunely deﬁned
complex potential function, related to the physical problem.
Both CPM and CVBEM require the satisfaction of local conditions
on the boundary of the analyzed domain, that is they can be framed
among the so-called collocation methods. Although particularly
simple in the application, CPM can be used only for simple connected
domain; this limitation has been exceeded by CVBEM, provided that
boundary conditions are known on both the external and internal
boundaries in the case of multi-connected domains. Differently, LEM
does not require any discretization of the domain or the boundary,
taking advantage of a weak global boundary condition, that is it can
be considered as a truly no-mesh method.
Numerical applications for the solution of De Saint-Venant’s
torsion problem, for different cross-section geometries, are
reported. Two main advantages of LEM can be pointed out:
(i) the method returns a complete solution of the problem only
using linear integrals on the boundary, while CPM and CVBEM,
require the evaluation of domain integrals for deﬁning the
torsional stiffness factor and unitary twist angle; (ii) LEM is
robust, in the sense that returns analytical solutions for all those
cases whose exact solution is already known in literature, while
only few terms of the Laurent series are required in order to
obtain accurate results for all the other cross-sections.
Appendix A
In this appendix, algebraic manipulations that allow to trans-
form Eqs. (12) into (13) are shortly reported for clarity’s sake.
Firstly, Uðz^Þ is written in terms of boundary elements Gk by
Uðz^Þ ¼ 1
2pi
Z
[n
k ¼ 1
Gk
GðzÞdz
zz^ ¼
1
2pi
Xn
k ¼ 1
Z
Gk
GðzÞdz
zz^ , z^AA, z^=2G ðA1Þ
On each element Gk the global trial function Gðz^Þ from Eq. (10)
is simpliﬁed as
Gðz^Þ ¼Nkðz^ÞUkþNkþ1ðz^ÞUkþ1
¼ Nkðz^ÞokþNkþ1ðz^Þokþ1
 þ i Nkðz^ÞjkþNkþ1ðz^Þjkþ1 , z^AGk
ðA2Þ
and, substituting in Eq. (A1), the following expression is obtained:Z
Gk
GðzÞdz
zz^ ¼Ukþ1Ukþ
hk
z^kþ1z^k
Ukþ1ðz^z^kÞUkðz^z^kþ1Þ
  ðA3Þ
that is the contribution of each element Gk. The term hk is deﬁned
as
hk ¼
Z
Gk
dz
zz^ ¼ log
z^kþ1z^
z^kz^

þ iWðkþ1,kÞ ðA4Þ
and W(k+1,k) is the angle between rays connecting the nodes z^k
and z^kþ1 with the point z^AA (Fig. 2).
The value of the approximation function Uðz^Þ is obtained as
summation of the contribution of all the element Gk:
2pi Uðz^Þ ¼
Xn
k ¼ 1
ðUkþ1UkÞþ
Xn
k ¼ 1
hk
z^kþ1z^k
Ukþ1ðz^z^kÞUkðz^z^kþ1Þ
  
ðA5Þ
The ﬁrst summation, being Un+1¼U1 and z^nþ1 ¼ z^1, has zero
value, that is expression (A5) may be rewritten as Eq. (13).
Appendix B
A necessary condition for applying the modiﬁed CVBEM is that,
for each point z^k on the contour C, it is possible to deﬁne an
arbitrary continuous non-self-intersecting path Pz^k , joining z^k to
inﬁnity without intersecting either the domain A or the contour C
(excluded the point z^k itself). Using Pz^kz^k, a curve joining 0 to
inﬁnity, as a branch cut, the complex logarithm logPz^k
ðz^z^kÞ in
Eq. (18) is deﬁned as
logPz^k
ðz^z^kÞ ¼ log z^z^k
 þ iargðz^z^kÞ ðB1Þ
It has to be emphasized that the complex logarithm, that is
normally a multivalued function, can be considered single valued
if the argument (2p large) is opportunely deﬁned with respect to
a chosen branch cut. Usually the principal branch cut is consid-
ered, that is the negative real axis x, so that argðz^z^kÞ assumes
values in the interval:
poargðz^z^kÞrp ðB2Þ
In the case of CVBEM the argument of the complex logarithm
is instead deﬁned in a new interval with respect to the new
branch cut Pz^kz^k, that is
gkoargðz^z^kÞrgkþ2p ðB3Þ
where gk is the angle that the line Pz^k forms with the positive real
axis x. The speciﬁed branch cut is chosen so that it intersects the
contour C only at the point z^k (Fig. B1) and it allows to deﬁne a
complex logarithm that is analytic in all the complex plane with
Fig. B1. Deﬁnition of angle gk: principal branch cut (dashed line) and arbitrary
branch cut (dot-dashed line).
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the except of the branch cut Pz^kz^k itself. Moreover, a restriction
required for the applicability of CVBEM is that, for each node z^k,
the branch cut must be chosen so that it is valid for any point on
the contour C in proximity of z^k itself.
Keeping in mind the previous considerations, the function
fz^k ðz^Þ ¼ ðz^z^kÞlogPz^k ðz^z^kÞ is analytic in A and continuous in A[C,
including the point z^k. Hence, using an appropriate choice of the
branch cut for each node z^k, the approximate potential func-
tion (18) results analytic everywhere except along each
branch cut.
In Fig. B2a and b the argument of log z^ is shown when the
principal branch cut is chosen for the evaluation of the logarithm.
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Fig. B2. argz^: (a) principal branch cut and (b) arbitrary branch cut.
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